(Y\X)
are given. It is shown that the Kac-Feynman formula can be derived by applying an inversion formula to E W {Y\X) where ΓM-expi-0 1* Introduction* We have recently derived an inversion formula for conditional expectations. (See [4] .) In the present paper we report on some inversion formulae for conditional Wiener integrals. Here the probability space is the Wiener measure space on the Wiener space C[0, t] of the real valued continuous functions x on [0, t] with x(0) = 0 for fixed te (O, oo) . By a conditional Wiener integral we mean the conditional expectation E W (Y\X) of a real or complex valued Wiener integrable functional Y conditioned by a Wiener measurable functional X on C [0, t] which is given as a function on the value space of X. We shall be concerned exclusively with X given by X[x] = x(t) for xe C [0, ί] . Thus E W (Y\X) will be a real or complex valued function on R 1 . A precise definition of conditional Wiener integral as well as a brief discussion of the Wiener measure space are given in §2. Three inversion formulae for conditional Wiener integrals are proved in §3: a (C.I) summability type inversion formula (Theorem 1), a Levy type inversion formula (Theorem 2) and an inversion formula under the assumption of the Lebseque integrability of for any (α, b)aR ι . The boundedness condition on F was then removed by the method of truncation. The integral equation (1.1) implies that U satisfies the differential equation (1.3) ^ = .1 ^ -V(ξ)U for (ί, t)e i? 1 x (0, oo) and the boundary condition (1.2) implies that U satisfies the initial condition
This result is summarized by the Kac-Peynman formula
for the solution U of the differential system (1.3) and (1.4) . Now let X t and Y t be two real valued functionals on C[0, t] defined by where w is an arbitrary positive integer, 0 = s 0 < s x < < s w rg ί, and J3 is an arbitrary member of the c-algebra S5 W of the Borel sets in the ^-dimensional Euclidean space R n ; m w is a probability measure on the algebra 28 defined for W as in (2.1) by
where £ -(ί lf , ξ n ) e R n , ξ 0 = 0 and m L is the Lebesque measure on (R n , 33 W ); S5B* is the σ-algebra of Caratheodory measurable subsets of C[0, t] with respect to the outer measure derived from the probability measure m w on the algebra SB which in particular contains the σ-algebra 0 (2δ) generated by 2B.
A real valued functional F on C[0, t] is said to be Wiener measurable if it is 2δ*-measurable, i.e. if it is a measurable transformation of (C[0, ί], SB*) into (JB 
where / is a real of complex valued Baire function on R n and 0 < Si < < 8 n ^ t then F is Wiener measurable and
in the sense that the existence of one side implies that of the other as well as the equality of the two.
In connection with the Wiener measure space let us remark that a real valued function X on [0, t] 
is a Brownian motion process on the probability space (C[0, t], 333*, m w ) and the domain [0, t] in which the space of sample functions X ( , x), xeC[0,t] , coincides with the sample space C[0, ί] and thus every sample function is continuous. This last property implies in particular that the process is a measurable process. We shall refer to this realization of the Brownian motion process as the Wiener process on the domain [0, ί].
DEFINITION.
Let X and Z be real valued Wiener measurable functionals on the Wiener measure space (C[0, t], 25*, m w ) and let Z be Wiener integrable on C[0, t]. Let P x be the probability distribution of X, i.e. the probability measure on (B\ S3 1 ) determined by X by the definition
for Be SB Proof. Using χ ξ>a in the place of g in Lemma 1, we have 
(see for instance [1] 
and by (2.4)
Thus an interchange of the two integrals on the right side of (4.2) is justified and consequently 
Jo
To apply Corollary of Lemma 1 we proceed as in Example 1 to obtain (4.7) 
and It is of interest to note that from (2.5) and (4.8)
E"[Z] = ί Z[x]m w (dx) = \ E"{Z\X){ξ)P x {dξ)
as can be obtained by a direct computation of E W [Z] .
As an example of application of an inversion formula in evaluating a condition Wiener integral, consider the Wiener measure space (C[0, t], SB*, m w ) with fixed t e (0, oo [0, t] where V is a nonnegative continuous function on R ι satisfying the condition
5* The conditional Wiener integral of exp | -\ F[α;(s)]c given x(t).
m L (dξ) < oo for every t e (0, oo) .
There exists a version of E w (Y t \X t ) such that the function U on
satisfies the integral equation Proof of Theorem 5. According to Theorem 1, there exists a version of E w (Y t \X t ) such that our U defined by (5.3) can be given as
we have by integrating with respect to s on [0, t]
Applying (5.7) to Y t [x] as defined by (5.1) we have 0,ί] so that the Fubini theorem is applicable and thus
Let us write
By the fact that {#(£) -#(s), x(r)} is an independent system of random variables on (C[0, t] , SB*, m w ) for every r e (0, s] and by which follows from (2.4) and (4.15), we have from (5.14)
Applying Lemma 1 to the Wiener integral in (5.15) and recalling (5.1) and (5.3) we have ] by the continuity of <£> on [0, oo) and thus
This verifies the applicability of the Fubini theorem in interchanging the order of the three integrals. Thus we have
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